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1.1 definition
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1.2 properties

1.2.1 linear property

Flaf(z) + Bg(x)] = aF[f(2)] + BT [9(z)]



1.2.2 shift property
Ff(z—b)] = e TF[f(2)]

1.2.3 differentiation property

FIf (@) = AT [f(2)]
Ff™(2)] = Z/\ ”ﬂf(w)]
Flaf(z)] = igzF[f(2)]
Fla f(z)] = ff"[f(x)]

1.2.4 convolution property
Flf(@) x g(z)] = Ff(x)] - Flg(z)]
Flf(@) g(2)] = 5: T [f(2)] * F[g()]

1.3 function ¢

1.3.1 definition
oo if z=x
6(:1: o xO) = 0 else ’

ffooo d(x—1z) =1

1.3.2 properties
d(x) =6(—x)
ffzo f(@)d(z —z¢) = f(z)
(z) = [T f(©)d(x— &) dE = f(x)
)= [ fle—€d(€—a)dé = f(z—a)

1.3.3 fourier transform
Flo(x —zy)] = ffooo §(x — xy)e” P da = e~

when z, =0
Flo(x)] =1
§(z) =5 [ ermdA

since §(z) = 6(—x)
§(z) = 5= fooo e~ d)\

the fourier transform of 1 can be given
F1] = 2w6(N)



S8 —E Laplace Transform

2.1 definition
F(p) = L[f(®)] = [" f(t)e P dt
« L[1]
L] = [F1-ePtdt
e
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Llt] = [ te P dt
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Lcoswt] = fooo coswte Pt dt
= —% cos wte P — % fooo sin wte Pt dt
w e — o0 w2
= ]lo + e sin wte pt\o — p—sz[COSWt]
_ _0D
- p2+w2
» L[sin wt]
Llsinwt] = fooo sin wte Pt dt
= 2% O°° (et — e~ wh)e Pt 4t
— 2% OOO (e—(p—iw)t — e—(p+iw)t) dt
- 1(_1r _ _1
21 (p—iw p+iw)
= I#
* L[coshwt|
Lcoshwt] = f0°° cosh wte Pt dt
_ %fooo (ef(pfw)t + ef(p-i-w)t) dt
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__0p
- p2_w2
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2.2 properties

2.2.1 linear property

2.2.2 shift property

L[sinhwt| =

2.2.3 differentiation property

L [f(n)(

2.2.4 convolve property

R
pZ—w?

Llaf(t) + Bg(t)] [f(®)] + BL[g(2)]
[e* f(t)] = F(p — a)
LIf' ()] = pL[f(t)] — £(0)
t)] =p"F(p) —p" ' f(0) — ... — pfn2
Lltf(t)] = =5 F(p)
L ()] = ()" L= F(p)
F(t)*g(t) = [} f(t)g(t — ) dr
Llf () g(t)] = F(p) - G(p)
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2£=E Fundamental Equations

wave equation
Uy = a2uwx
Uy = a’ (um: + uyy)
Uy = (12 (ua:a: + +uyy + uzz)

wave equation with a source term

utt = azuxa: + f(.’E,t)

Uy = a‘2 (ua:x + uyy) + f(xayvt)
Uy = a? (um + +uy, + uzz) + f(z,y,2,1)

heat equation

Up = AUy,
Uy = a? (um + uyy)

U = a? (um + —I-uyy + uzz)
heat equation with a source term
Uy = azumm + f(.T,t)

Uy = a2<uazx + uyy) + f(ma Y, t)
Uy = 0% (Uyy + +y, +u,,) + f(2,9,2,1)

classification of second-order partial differential equations

Auy, +2Buy, + Cuyy + Du, + EBu, + Fu=G
xA, B, C, D, E, F and G are functions of x and y, but not of u.

A= B?—-AC
A > 0(hyperbolic equation)
Ugy = [ ']7uzx Uyy = [ ]
A = 0(parabolic equation)
Uy = [ ]ty =[]
A < O(elliptic equation)
Uy +uyy = [ ’ ]
* [- - -] represents all terms that do not contain second-order partial derivatives.

simplification of second-order partial differential equations

Au,, +2Buy, + Cu,, + Du, + Eu, + Fu=G
characteristic equation:
A(d)* —2B% 4 ¢ =0
characteristic lines are determined by the solutions of the characteristic equation:
dy _ B+VB* AC

dz A
£0

g(xay) = Clan(xvy) = Cy

9¢  9¢
dz oy
on 9n
9z By




(1)A = B2— AC >0
.8 Uy, — AUy, +uy, =0
A=1,B=-2C=1
—24+/3
v+ (2+V3)z=c
Ea,y) =y+ (2+V3)z,n(x,y) =y + (2— V3)z

dy
dz

(2)A=0

Characteristic lines £(z,y) = ¢, are still governed by the characteristic equation, while n(x,y) can be
any function independent of &£(x,y), provided that the Jacobian determinant is not equal to zero.

(3)A <0

€.8. Uy, + duy, + 5u,, +u, +u, =0

A=1,B=2,C=5
Y =24
2r—ytizr=c
§(z,y) =z, n(z,y) =2z —y

3.7 constant-coefficient equation

when A, B,C € R

(H)A >0
f=y— B \/1?42—14036’77 —y— B—\/T—Acx
(2)A =0
E=y—ZBan=y
(3)A <0
gzy_gxan: A(jquQm

e.g Uy, — (A+ B)uy, + ABu,, =0
§=y+Ar,n=y+ Bz
— (A+ B)u,, + ABu,,, = —(A — B)u,,

u.’)?.’]?



SEPYEE Separation of Variables

4.1 string vibration equation

Uy = au,, (0 <z <I,t>0)
uli—o = (), gl =0 = Y(2)(0 <z <)
Uly=o = 0, ul,—y = 0(t > 0)
assume the equation has a solution in the form of separated variables:
u(z,t) = X(x)T(t)
substitute into the equation:

X(x)T”(t) = a®> X" (x)T(t)

X”(ac) . T//(t) _
X(z) ~— a?T(t) A

obtain ordinary differential equations for the spatial function and the temporal function
X" (xz)+ XX (z)=0
T”(t) + Aa®>T(t) =0
from the boundary conditions X (0) = X (I) = 0:
(DA <0
only the trivial solution
(2) >0
X (z) = ¢; cosVx + ¢y sin vz
since X(0) =X () =0
c; =0
c,=1VA=E k=123, ..
X(z) =sin &g
similarly:
T, (t) = A, cos 272 + B, sin £72¢
by the principle of superposition:
u(z,t) = 3 (A cos kray + By sin £72¢) sin £y
uy(z,t) = Zk 1( Akkﬂ sin mt + B, kx4 cos £724) gin ET
since ul_g = @(x), gl = P()
e >—z:’1Aksin’”

Y(x) = Z msm%:c

A, = %f cp z)sin 2z dz
= = f ¥ (z) sin —x dz
conditions for the application of the method of separation of variables:
(1) The general equation must be linear.
(2) The general equation must be homogeneous.

(3) The boundary conditions must be homogeneous.
4.2 heat conduction equation

u, = a’u,, (0 <z <I,t>0)
uli—o = #(2)(0 <z <)



Ug |0 = 0,z |, = 0( > 0)
apply separation of variables:
X"(z) 4+ AX(x) =0,X'(0)=X'(I)=0
T'(t) + Ma?T(t) = 0
(HA <0
only the trival solution
(2) =0
Xo=1X=0
(2)A >0
X, = ¢; cos VAz + ¢y sin vV
X, = —c;Vsin VAz + ¢y v/ Acos Vz
since X'(0) =X'(1)=0
c;=1,¢c=0
X, = cos kl—”a:, A, = (kT”)z, k=1,2,..
similarly:
Ty = Ay, T}, = Ape (%)=
by the principle of superposition:
u(z,t) = Ag + 30, Ake_(k%)2 cos 2z

since ul,_y = ¢(x)



	Fourier Transform
	definition
	properties
	linear property
	shift property
	differentiation property
	convolution property

	function δ
	definition
	properties
	fourier transform


	Laplace Transform
	definition
	properties
	linear property
	shift property
	differentiation property
	convolve property


	Fundamental Equations
	wave equation
	wave equation with a source term
	heat equation
	heat equation with a source term
	classification of second-order partial differential equations
	simplification of second-order partial differential equations
	constant-coefficient equation

	Separation of Variables
	string vibration equation
	heat conduction equation


