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第一章 Fourier Transform

1.1　 definition

𝐹(𝜆) = ℱ[𝑓(𝑥)] = ∫∞
−∞

𝑓(𝑥)𝑒−𝑖𝜆𝑥 d𝑥
𝑓(𝑥) = ℱ−1[𝑓(𝑥)] = 1

2𝜋 ∫
∞
−∞

𝐹(𝜆)𝑒𝑖𝜆𝑥 d𝜆
• ℱ[𝑒−𝑎|𝑥|], 𝑎 > 0

ℱ[𝑒−𝑎|𝑥|] = ∫∞
−∞

𝑒−𝑎|𝑥|𝑒−𝑖𝜆𝑥 d𝑥

= ∫0
−∞

𝑒𝑎𝑥−𝑖𝜆𝑥 d𝑥 + ∫∞
0
𝑒−𝑎𝑥−𝑖𝜆𝑥 d𝑥

= 1
𝑎−𝑖𝜆𝑒

(𝑎−𝑖𝜆)𝑥|0−∞ − 1
𝑎+𝑖𝜆𝑒

−(𝑎+𝑖𝜆)𝑥|∞0

= 1
𝑎−𝑖𝜆 +

1
𝑎+𝑖𝜆

= 2𝑎
𝑎2+𝜆2

∗ lim𝑡→∞ 𝑒−(𝛽+𝑖𝜆)𝑡 = 0, 𝛽 > 0
• ℱ[𝑒−𝑎𝑥2], 𝑎 > 0

ℱ[𝑒−𝑎𝑥2] = ∫∞
−∞

𝑒−𝑎𝑥2𝑒−𝑖𝜆𝑥 d𝑥

= ∫∞
−∞

𝑒−𝑎(𝑥+ 𝑖𝜆
2𝑎)

2−𝜆24𝑎 d𝑥

= 𝑒−𝜆
2

4𝑎 ∫∞
−∞

𝑒−𝑎(𝑥+ 𝑖𝜆
2𝑎)

2
d𝑥

= √𝜋
𝑎𝑒
−𝜆24𝑎

∗Gaussian integral: ∫∞
−∞

𝑒−𝑎𝑥2 d𝑥 = √𝜋
𝑎

• ℱ[cos 𝜂𝑥2], 𝜂 > 0
ℱ[cos 𝜂𝑥2] = ∫∞

−∞
cos 𝜂𝑥2𝑒−𝑖𝜆𝑥 d𝑥

= ∫∞
−∞

𝑒−𝑖𝜂𝑥2+𝑒𝑖𝜂𝑥2
2 𝑒−𝑖𝜆𝑥 d𝑥

= 1
2(∫

∞
−∞

𝑒𝑖𝜂(𝑥−
𝜆
2𝜂)

2
−𝑖𝜆24𝜂 d𝑥 + ∫∞

−∞
𝑒−𝑖𝜂(𝑥+

𝜆
2𝜂)

2
+𝑖𝜆24𝜂 d𝑥)

= 1
2𝑒
−𝑖𝜆24𝜂√𝜋

𝜂𝑒
𝑖𝜋4 + 1

2𝑒
𝑖𝜆24𝜂√𝜋

𝜂𝑒
−𝑖𝜋4

= 1
2√

𝜋
𝜂[cos(

𝜆2
4𝜂 −

𝜋
4) − 𝑖 sin(

𝜆2
4𝜂 −

𝜋
4) + cos(

𝜆2
4𝜂 −

𝜋
4) + 𝑖 sin(

𝜆2
4𝜂 −

𝜋
4)]

= √𝜋
𝜂 cos(

𝜆2
4𝜂 −

𝜋
4)

• ℱ[sin 𝜂𝑥2], 𝜂 > 0
ℱ[sin 𝜂𝑥2] = √𝜋

𝜂 sin(
𝜆2
4𝜂 +

𝜋
4)

∗Euler’s formula : 𝑒𝑖𝑥 = cos 𝑥 + 𝑖 sin 𝑥
∗Gaussian-like integrals: ∫∞

−∞
𝑒±𝑖𝜂𝑥2 d𝑥 = √𝜋

𝜂𝑒
±𝑖𝜋4 , 𝜂 > 0

1.2　 properties

　 1.2.1　 linear　property

ℱ[𝛼𝑓(𝑥) + 𝛽𝑔(𝑥)] = 𝛼ℱ[𝑓(𝑥)] + 𝛽ℱ[𝑔(𝑥)]
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　 1.2.2　 shift　property

ℱ[𝑓(𝑥 − 𝑏)] = 𝑒−𝑖𝜆𝑏ℱ[𝑓(𝑥)]

　 1.2.3　 differentiation　property

ℱ[𝑓 ′(𝑥)] = 𝑖𝜆ℱ[𝑓(𝑥)]
ℱ[𝑓 (𝑛)(𝑥)] = (𝑖𝜆)𝑛ℱ[𝑓(𝑥)]
ℱ[𝑥𝑓(𝑥)] = 𝑖 dd𝜆ℱ[𝑓(𝑥)]
ℱ[𝑥𝑛𝑓(𝑥)] = 𝑖𝑛 d

d𝜆ℱ[𝑓(𝑥)]

　 1.2.4　 convolution　property

ℱ[𝑓(𝑥) ∗ 𝑔(𝑥)] = ℱ[𝑓(𝑥)] ⋅ ℱ[𝑔(𝑥)]
ℱ[𝑓(𝑥) ⋅ 𝑔(𝑥)] = 1

2𝜋ℱ[𝑓(𝑥)] ∗ ℱ[𝑔(𝑥)]

1.3　 function　 𝛿

　 1.3.1　 definition

𝛿(𝑥 − 𝑥0) = {
∞ if 𝑥=𝑥0
0 else

∫∞
−∞

𝛿(𝑥 − 𝑥0) = 1

　 1.3.2　 properties

𝛿(𝑥) = 𝛿(−𝑥)
∫∞
−∞

𝑓(𝑥)𝛿(𝑥 − 𝑥0) = 𝑓(𝑥0)
𝛿(𝑥) ∗ 𝑓(𝑥) = ∫∞

−∞
𝑓(𝜉)𝛿(𝑥 − 𝜉) d𝜉 = 𝑓(𝑥)

𝛿(𝑥 − 𝑎) ∗ 𝑓(𝑥) = ∫∞
−∞

𝑓(𝑥 − 𝜉)𝛿(𝜉 − 𝑎) d𝜉 = 𝑓(𝑥 − 𝑎)

　 1.3.3　 fourier　transform

ℱ[𝛿(𝑥 − 𝑥0)] = ∫
∞
−∞

𝛿(𝑥 − 𝑥0)𝑒−𝑖𝜆𝑥 d𝑥 = 𝑒−𝑖𝜆𝑥

when 𝑥0 = 0
ℱ[𝛿(𝑥)] = 1

𝛿(𝑥) = 1
2𝜋 ∫

∞
−∞

𝑒𝑖𝜆𝑥 d𝜆
since 𝛿(𝑥) = 𝛿(−𝑥)

𝛿(𝑥) = 1
2𝜋 ∫

∞
−∞

𝑒−𝑖𝜆𝑥 d𝜆
the fourier transform of 1  can be given

ℱ[1] = 2𝜋𝛿(𝜆)
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第二章 Laplace Transform

2.1　 definition

𝐹(𝑝) = ℒ[𝑓(𝑡)] = ∫∞
0
𝑓(𝑡)𝑒−𝑝𝑡 d𝑡

• ℒ[1]
ℒ[1] = ∫∞

0
1 ⋅ 𝑒−𝑝𝑡 d𝑡

= −1
𝑝𝑒
−𝑝𝑡|∞0

= 1
𝑝

• ℒ[𝑡]
ℒ[𝑡] = ∫∞

0
𝑡𝑒−𝑝𝑡 d𝑡

= −1
𝑝𝑡𝑒

−𝑝𝑡|∞0 + 1
𝑝 ∫

∞
0
𝑒−𝑝𝑡 d𝑡

= 1
𝑝2

• ℒ[𝑒𝑎𝑡]
ℒ[𝑒𝑎𝑡] = ∫∞

0
𝑒𝑎𝑡𝑒−𝑝𝑡 d𝑡

= ∫∞
0
𝑒−(𝑝−𝑎)𝑡 d𝑡

= 1
𝑝−𝑎

• ℒ[cos 𝜔𝑡]
ℒ[cos 𝜔𝑡] = ∫∞

0
cos 𝜔𝑡𝑒−𝑝𝑡 d𝑡

= −1
𝑝 cos 𝜔𝑡𝑒

−𝑝𝑡|∞0 − 𝜔
𝑝 ∫

∞
0
sin 𝜔𝑡𝑒−𝑝𝑡 d𝑡

= 1
𝑝 +

𝜔
𝑝2 sin 𝜔𝑡𝑒

−𝑝𝑡|∞0 − 𝜔2
𝑝2ℒ[cos 𝜔𝑡]

= 𝑝
𝑝2+𝜔2

• ℒ[sin 𝜔𝑡]
ℒ[sin 𝜔𝑡] = ∫∞

0
sin 𝜔𝑡𝑒−𝑝𝑡 d𝑡

= 1
2𝑖 ∫

∞
0
(𝑒𝑖𝜔𝑡 − 𝑒−𝑖𝜔𝑡)𝑒−𝑝𝑡 d𝑡

= 1
2𝑖 ∫

∞
0
(𝑒−(𝑝−𝑖𝜔)𝑡 − 𝑒−(𝑝+𝑖𝜔)𝑡) d𝑡

= 1
2𝑖(

1
𝑝−𝑖𝜔 −

1
𝑝+𝑖𝜔)

= 𝜔
𝑝2+𝜔2

• ℒ[cosh𝜔𝑡]
ℒ[cosh𝜔𝑡] = ∫∞

0
cosh𝜔𝑡𝑒−𝑝𝑡 d𝑡

= 1
2 ∫

∞
0
(𝑒−(𝑝−𝜔)𝑡 + 𝑒−(𝑝+𝜔)𝑡) d𝑡

= 1
2(

1
𝑝−𝜔 +

1
𝑝+𝜔)

= 𝑝
𝑝2−𝜔2

• ℒ[sinh𝜔𝑡]
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ℒ[sinh𝜔𝑡] = 𝜔
𝑝2−𝜔2

2.2　 properties

　 2.2.1　 linear　property

ℒ[𝛼𝑓(𝑡) + 𝛽𝑔(𝑡)] = 𝛼ℒ[𝑓(𝑡)] + 𝛽ℒ[𝑔(𝑡)]

　 2.2.2　 shift　property

ℒ[𝑒𝑎𝑡𝑓(𝑡)] = 𝐹(𝑝 − 𝑎)

　 2.2.3　 differentiation　property

ℒ[𝑓 ′(𝑡)] = 𝑝ℒ[𝑓(𝑡)] − 𝑓(0)
ℒ[𝑓 (𝑛)(𝑡)] = 𝑝𝑛𝐹(𝑝) − 𝑝𝑛−1𝑓(0) − …− 𝑝𝑓 (𝑛−2)(0) − 𝑓 (𝑛−1)(0)

ℒ[𝑡𝑓(𝑡)] = − d
d𝑝𝐹(𝑝)

ℒ[𝑡𝑛𝑓(𝑡)] = (−1)𝑛 d𝑛
d𝑝𝑛𝐹(𝑝)

　 2.2.4　 convolve　property

𝑓(𝑡) ∗ 𝑔(𝑡) = ∫𝑡
0
𝑓(𝑡)𝑔(𝑡 − 𝜏) d𝜏

ℒ[𝑓(𝑡) ∗ 𝑔(𝑡)] = 𝐹(𝑝) ⋅ 𝐺(𝑝)
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第三章 Fundamental Equations

3.1　 wave　equation

𝑢𝑡𝑡 = 𝑎2𝑢𝑥𝑥
𝑢𝑡𝑡 = 𝑎2(𝑢𝑥𝑥 + 𝑢𝑦𝑦)

𝑢𝑡𝑡 = 𝑎2(𝑢𝑥𝑥 ++𝑢𝑦𝑦 + 𝑢𝑧𝑧)

3.2　 wave　equation　with　a　source　term

𝑢𝑡𝑡 = 𝑎2𝑢𝑥𝑥 + 𝑓(𝑥, 𝑡)
𝑢𝑡𝑡 = 𝑎2(𝑢𝑥𝑥 + 𝑢𝑦𝑦) + 𝑓(𝑥, 𝑦, 𝑡)

𝑢𝑡𝑡 = 𝑎2(𝑢𝑥𝑥 ++𝑢𝑦𝑦 + 𝑢𝑧𝑧) + 𝑓(𝑥, 𝑦, 𝑧, 𝑡)

3.3　 heat　equation

𝑢𝑡 = 𝑎2𝑢𝑥𝑥
𝑢𝑡 = 𝑎2(𝑢𝑥𝑥 + 𝑢𝑦𝑦)

𝑢𝑡 = 𝑎2(𝑢𝑥𝑥 ++𝑢𝑦𝑦 + 𝑢𝑧𝑧)

3.4　 heat　equation　with　a　source　term

𝑢𝑡 = 𝑎2𝑢𝑥𝑥 + 𝑓(𝑥, 𝑡)
𝑢𝑡 = 𝑎2(𝑢𝑥𝑥 + 𝑢𝑦𝑦) + 𝑓(𝑥, 𝑦, 𝑡)

𝑢𝑡 = 𝑎2(𝑢𝑥𝑥 ++𝑢𝑦𝑦 + 𝑢𝑧𝑧) + 𝑓(𝑥, 𝑦, 𝑧, 𝑡)

3.5　 classification　of　second-order　partial　differential　equations

𝐴𝑢𝑥𝑥 + 2𝐵𝑢𝑥𝑦 +𝐶𝑢𝑦𝑦 +𝐷𝑢𝑥 +𝐸𝑢𝑦 + 𝐹𝑢 = 𝐺
∗A, B, C, D, E, F and G are functions of x and y, but not of u.

Δ = 𝐵2 −𝐴𝐶
Δ > 0 (hyperbolic equation)

𝑢𝑥𝑦 = [⋅ ⋅ ⋅], 𝑢𝑥𝑥 − 𝑢𝑦𝑦 = [⋅ ⋅ ⋅]
Δ = 0 (parabolic equation)

𝑢𝑥𝑥 = [⋅ ⋅ ⋅], 𝑢𝑦𝑦 = [⋅ ⋅ ⋅]
Δ < 0 (elliptic equation)

𝑢𝑥𝑥 + 𝑢𝑦𝑦 = [⋅ ⋅ ⋅]
∗ [⋅ ⋅ ⋅]  represents all terms that do not contain second-order partial derivatives.

3.6　 simplification　of　second-order　partial　differential　equations

𝐴𝑢𝑥𝑥 + 2𝐵𝑢𝑥𝑦 +𝐶𝑢𝑦𝑦 +𝐷𝑢𝑥 +𝐸𝑢𝑦 + 𝐹𝑢 = 𝐺
characteristic equation:

𝐴(d𝑦d𝑥)
2
− 2𝐵 d𝑦

d𝑥 +𝐶 = 0
characteristic lines are determined by the solutions of the characteristic equation:

d𝑦
d𝑥 =

𝐵±
√
𝐵2−𝐴𝐶
𝐴

|
𝜕𝜉
𝜕𝑥
𝜕𝜂
𝜕𝑥

𝜕𝜉
𝜕𝑦
𝜕𝜂
𝜕𝑦
| ≠ 0

𝜉(𝑥, 𝑦) = 𝑐1, 𝜂(𝑥, 𝑦) = 𝑐2
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(1)Δ = 𝐵2 −𝐴𝐶 > 0
e.g. 𝑢𝑥𝑥 − 4𝑢𝑥𝑦 + 𝑢𝑦𝑦 = 0

𝐴 = 1,𝐵 = −2,𝐶 = 1
d𝑦
d𝑥 = −2 ±

√
3

𝑦 + (2 ±
√
3)𝑥 = 𝑐

𝜉(𝑥, 𝑦) = 𝑦 + (2 +
√
3)𝑥, 𝜂(𝑥, 𝑦) = 𝑦 + (2 −

√
3)𝑥

(2)Δ = 0
Characteristic lines 𝜉(𝑥, 𝑦) = 𝑐1  are still governed by the characteristic equation, while 𝜂(𝑥, 𝑦)  can be

any function independent of 𝜉(𝑥, 𝑦) , provided that the Jacobian determinant is not equal to zero.
(3)Δ < 0
e.g. 𝑢𝑥𝑥 + 4𝑢𝑥𝑦 + 5𝑢𝑦𝑦 + 𝑢𝑥 + 𝑢𝑦 = 0

𝐴 = 1,𝐵 = 2,𝐶 = 5
d𝑦
d𝑥 = 2 ± 𝑖

2𝑥 − 𝑦 ± 𝑖𝑥 = 𝑐
𝜉(𝑥, 𝑦) = 𝑥, 𝜂(𝑥, 𝑦) = 2𝑥 − 𝑦

3.7　 constant-coefficient　equation

when 𝐴,𝐵,𝐶 ∈ ℝ
(1)Δ > 0

𝜉 = 𝑦 − 𝐵+
√
𝐵2−𝐴𝐶
𝐴 𝑥, 𝜂 = 𝑦 − 𝐵−

√
𝐵2−𝐴𝐶
𝐴 𝑥

(2)Δ = 0
𝜉 = 𝑦 − 𝐵

𝐴𝑥, 𝜂 = 𝑦
(3)Δ < 0

𝜉 = 𝑦 − 𝐵
𝐴𝑥, 𝜂 =

√
𝐴𝐶−𝐵2
𝐴 𝑥

e.g. 𝑢𝑥𝑥 − (𝐴 + 𝐵)𝑢𝑥𝑦 +𝐴𝐵𝑢𝑦𝑦 = 0
𝜉 = 𝑦 + 𝐴𝑥, 𝜂 = 𝑦 + 𝐵𝑥

𝑢𝑥𝑥 − (𝐴 + 𝐵)𝑢𝑥𝑦 +𝐴𝐵𝑢𝑦𝑦 = −(𝐴 − 𝐵)2𝑢𝜉𝜂
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第四章 Separation of Variables

4.1　 string　vibration　equation

𝑢𝑡𝑡 = 𝑎2𝑢𝑥𝑥(0 < 𝑥 < 𝑙, 𝑡 > 0)
𝑢|𝑡=0 = 𝜑(𝑥), 𝑢𝑡|𝑡=0 = 𝜓(𝑥)(0 ≤ 𝑥 ≤ 𝑙)

𝑢|𝑥=0 = 0, 𝑢|𝑥=𝑙 = 0(𝑡 > 0)
assume the equation has a solution in the form of separated variables：

𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇 (𝑡)
substitute into the equation:

𝑋(𝑥)𝑇 ″(𝑡) = 𝑎2𝑋″(𝑥)𝑇 (𝑡)
𝑋″(𝑥)
𝑋(𝑥) =

𝑇″(𝑡)
𝑎2𝑇(𝑡) = −𝜆

obtain ordinary differential equations for the spatial function and the temporal function
𝑋″(𝑥) + 𝜆𝑋(𝑥) = 0
𝑇 ″(𝑡) + 𝜆𝑎2𝑇 (𝑡) = 0

from the boundary conditions 𝑋(0) = 𝑋(𝑙) = 0 :
(1)𝜆 ≤ 0
only the trivial solution
(2)𝜆 > 0

𝑋(𝑥) = 𝑐1 cos
√
𝜆𝑥 + 𝑐2 sin

√
𝜆𝑥

since 𝑋(0) = 𝑋(𝑙) = 0
𝑐1 = 0

𝑐2 = 1,
√
𝜆 = 𝑘𝜋

𝑙 , 𝑘 = 1, 2, 3,…
𝑋(𝑥) = sin 𝑘𝜋𝑙 𝑥

similarly:
𝑇𝑘(𝑡) = 𝐴𝑘 cos 𝑘𝜋𝑎𝑙 𝑡 + 𝐵𝑘 sin

𝑘𝜋𝑎
𝑙 𝑡

by the principle of superposition:
𝑢(𝑥, 𝑡) = ∑∞

𝑘=1(𝐴𝑘 cos
𝑘𝜋𝑎
𝑙 𝑡 + 𝐵𝑘 sin

𝑘𝜋𝑎
𝑙 𝑡) sin

𝑘𝜋
𝑙 𝑥

𝑢𝑡(𝑥, 𝑡) = ∑
∞
𝑘=1(−𝐴𝑘

𝑘𝜋𝑎
𝑙 sin

𝑘𝜋𝑎
𝑙 𝑡 + 𝐵𝑘

𝑘𝜋𝑎
𝑙 cos

𝑘𝜋𝑎
𝑙 𝑡) sin

𝑘𝜋
𝑙 𝑥

since 𝑢|𝑡=0 = 𝜑(𝑥), 𝑢𝑡|𝑡=0 = 𝜓(𝑥)
𝜑(𝑥) = ∑∞

𝑘=1𝐴𝑘 sin
𝑘𝜋
𝑙 𝑥

𝜓(𝑥) = ∑∞
𝑘=1𝐴𝑘

𝑘𝜋𝑎
𝑙 sin

𝑘𝜋
𝑙 𝑥

𝐴𝑘 = 2
𝑙 ∫

𝑙
0
𝜑(𝑥) sin 𝑘𝜋𝑙 𝑥d𝑥

𝐴𝑘 = 2
𝑘𝜋𝑎 ∫

𝑙
0
𝜓(𝑥) sin 𝑘𝜋𝑙 𝑥d𝑥

conditions for the application of the method of separation of variables:
(1)The general equation must be linear.
(2)The general equation must be homogeneous.
(3)The boundary conditions must be homogeneous.

4.2　 heat　conduction　equation

𝑢𝑡 = 𝑎2𝑢𝑥𝑥(0 < 𝑥 < 𝑙, 𝑡 > 0)
𝑢|𝑡=0 = 𝜑(𝑥)(0 ≤ 𝑥 ≤ 𝑙)
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𝑢𝑥|𝑥=0 = 0, 𝑢𝑥|𝑥=𝑙 = 0(𝑡 > 0)
apply separation of variables:

𝑋″(𝑥) + 𝜆𝑋(𝑥) = 0,𝑋′(0) = 𝑋′(𝑙) = 0
𝑇 ′(𝑡) + 𝜆𝑎2𝑇 (𝑡) = 0

(1)𝜆 < 0
only the trival solution
(2)𝜆 = 0

𝑋0 = 1, 𝜆0 = 0
(2)𝜆 > 0

𝑋𝑘 = 𝑐1 cos
√
𝜆𝑥 + 𝑐2 sin

√
𝜆𝑥

𝑋′
𝑘 = −𝑐1

√
𝜆 sin

√
𝜆𝑥 + 𝑐2

√
𝜆cos

√
𝜆𝑥

since 𝑋′(0) = 𝑋′(𝑙) = 0
𝑐1 = 1, 𝑐2 = 0

𝑋𝑘 = cos 𝑘𝜋𝑙 𝑥, 𝜆𝑘 = (
𝑘𝜋
𝑙 )

2, 𝑘 = 1, 2,…
similarly:

𝑇0 = 𝐴0, 𝑇𝑘 = 𝐴𝑘𝑒−(
𝑘𝜋𝑎
𝑙 )2𝑥

by the principle of superposition:
𝑢(𝑥, 𝑡) = 𝐴0 +∑

∞
𝑘=1𝐴𝑘𝑒

−(𝑘𝜋𝑎𝑙 )2𝑥 cos 𝑘𝜋𝑙 𝑥
since 𝑢|𝑡=0 = 𝜑(𝑥)

𝐴0 = 1
𝑙 ∫

𝑙
0
𝜑(𝑥) d𝑥

𝐴𝑘 = 2
𝑙 ∫

𝑙
0
𝜑(𝑥) cos 𝑘𝜋𝑙 𝑥d𝑥
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